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Abstract

In the present paper we establish a coupled fixed point result in partially ordered fuzzy metric
spaces by utilizing the control function. We obtain our results for HadZzié type t-norm. We also
establish two lemmas and deduce a corollary. By an application of the fixed point theorem in

fuzzy metric spaces, a corresponding result is obtained in metric spaces. Our work extends some

existing results [1, 2, 3].
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1 Introduction and Mathematical Preliminaries

Fuzzy metric spaces had been introduced by Kramosil and Michalek in 1975 [4] which was later
modified by George and Veeramani in their paper [5] for the purpose of introducing Hausdroff
topology in the fuzzy metric space. There are also other definitions of fuzzy metric spaces, as,
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for examples, in the work of Kaleva and Seikkala [6], where fuzzy number has been introduced for
this purpose. Fuzzy fixed point theory has developed in a very large way in this space introduced
George and Veeramani. The successful development of metric fixed point theory in this space is
largely due to the Hausdroff topology in this space. Some potential examples of fixed point theory
in fuzzy metric spaces are in [6, 7, 8, 9, 10, 11, 12, 13, 14]. Particularly fuzzy extension of Banach
contraction mapping principle has been done in works like [15, 16]. Wardowski [17] proved a fixed
point theorem under certain conditions for a new fuzzy contraction obtained with help of a control
function.

Coupled fixed point theorem, although introduced by Guo et al. [18], as early as in 1987 as attracted
large attention metric fixed point theory after 2006 when a coupled contraction mapping theorem
was established by Bhaskar et al. in [1]. Some references of this development are in [3, 19, 20, 21].
The first corrected extension of coupled fixed point result to fuzzy metric spaces was done by Zhu
et al. [22]. This work was followed by several other works of the same topic by [7, 9, 23, 24].

The purpose here is to establish a coupled fixed point result in fuzzy metric spaces by utilizing the
control function introduced by Wardowski. We obtain our results for HadZié type t-norm, that is,
t-norms which iterates are equi-continuous at 1.

Definition 1.1. [25, 26] A binary operation * : [0,1]?> — [0, 1] is called a continuous ¢-norm if the
following properties are satisfied:
i) = is associative and commutative,
) axl=uaforallac]|0,1],
ili) a*b < c*d whenever a < ¢ and b < d, for each a,b,c,d € [0, 1]
) * is continuous.

iv

Some examples of continuous ¢-norm are a *1 b = min{a,b}, a *2 b = for 0 < A < 1,

a*3b=aband axsb=max{a+b—1,0}.

max{a b, A}

George and Veeramani in their paper [5] introduced the following definition of fuzzy metric space.
We will be concerned only with this definition of fuzzy metric space.

Definition 1.2. [5] The 3-tuple (X, M, ) is called a fuzzy metric space if X is an arbitrary non-
empty set, * is a continuous t-norm and M is a fuzzy set on X2 x (0, 00) satisfying the following
conditions for each z,y,z € X and t,s > 0:

) M(z,y,t) >
) (my,)zllfandonlylf:r—y,
iil) M(z,y,t) = M(y,x,t),
iv) M(z,y,t)*M(y,z,s) < M(z,z,t+s) and
v) M(z,y,.): (0,00) — [0, 1] is continuous.

Let (X, M, %) be a fuzzy metric space. For ¢ > 0, 0 < r < 1, the open ball B(z,t,r) with center
x € X is defined by
B(z,t,r)={y e X : M(z,y,t) >1—r}.

A subset A C X is called open if for each x € A, there exist ¢ > 0 and 0 < r < 1 such that
B(x,t,r) C A. Let 7 denote the family of all open subsets of X. Then 7 is a topology and is called
the topology on X induced by the fuzzy metric M. This topology is metrizable as we indicated
above.
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Example 1.1. [5] Let X be the set of all real numbers and d be the Euclidean metric by any set X
and any metric d on X. Let a * b= min{a,b} for all a,b € [0,1]. For eacht >0, z,y € X, let

t

M(fﬂ7y,t):m~

Then (X, M, x) is a fuzzy metric space.

Definition 1.3. [5] Let (X, M, x) be a fuzzy metric space.

i) A sequence {z,} in X is said to be convergent to a point € X if lim M(z,,z,t) =1 for all
n—o0
t>0.

ii) A sequence {z,} in X is called a Cauchy sequence if for each 0 < € < 1 and ¢ > 0, there exists
a positive integer no such that M (zn,zm,t) > 1 — ¢ for each n,m > no.

iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

The following lemma was proved by Grabiec [15] for fuzzy metric spaces defined by Kramosil et al.
The proof is also applicable to the fuzzy metric space given in definition 1.2.

Lemma 1.2. [15] Let (X, M,x) be a fuzzy metric space. Then M(z,y,.) is nondecreasing for all
z,y € X.

Lemma 1.3. [27] M is a continuous function on X2 x (0, 00).

Let (X, <) be a partially ordered set and F' be a mapping from X to itself. The mapping F' is said
to be non-decreasing if for all z1,z2 € X, 21 < 2 implies F(z1) < F(x2) and non-increasing if for
all 1,22 € X, 21 < x2 implies F(z1) = F(z2) [1].

Definition 1.4. [1] Let (X, <) be a partially ordered set and F': X x X — X be a mapping. The
mapping F' is said to have the mixed monotone property if F' is non-decreasing in its first argument
and is non-increasing in its second argument, that is, if, for all 1,22 € X, 1 =< z2 implies
F(x1,y) < F(x2,y), for fixed y € X and, for all y1,y2 € X, y1 < y2 implies F(x,y1) = F(z,y2), for
fixed z € X.

Definition 1.5. [28] Let (X, <) be a partially ordered set and F': X x X — X be a mapping. The
mapping F' is said to have the mixed monotone property if F' is monotone non-decreasing in its
first argument and is monotone non-increasing in its second argument, that is, if, for all 1,z € X,
x1 X x2 implies F(z1,y) = F(x2,y), for any y € X and, for all y1,y2 € X, y1 = y2 implies
F(x,y1) = F(z,y2), for any z € X.

Definition 1.6. [1] Let X be a nonempty set. An element (x,y) € X x X is called a coupled fixed
point of the mapping F': X x X — X if

F(z,y) =z and F(y,z) =y

Definition 1.7. [17] Denote by H a family of mappings 7 : (0,1] — [0, c0) satisfying the following
two conditions:

(H1) n transforms (0, 1] onto [0, co);
(H2) Vs,t € (0,1] , [s < t=n(s) > n(t)] (i.e. n is strictly decreasing).
Note that (H1) and (H2) imply 7(1) = 0 and n(a,) — 0 whenever a,, — 1 as n — oc.

For example of n-function consider n(t) = 1 — 1 in ¢t € (0,1].
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2 Main Results

Lemma 2.1. Let (X, M, ) be a fuzzy metric space and let n € H. The sequences {xn} and {yn}
in X are convergent to the points ¢ € X and y € X if lim n(M(zn,z,t) * M (yn,y,t)) = 0 for all
n— oo

t>0.

Proof. Let {z,} and {yn} be two sequences in X . {x,} and {y,} in X are convergent to
x,y € X respectively. Then using definition 1.4, lim M(zn,z,t) = 1 and lim M (yn,y,t) = 1

n—oo n—o0
for all t > 0. So, lim (M(xn,x,t) * M(yn,y,t)) = 1 for all ¢ > 0. Now taking 7 on both sides,
n— oo
lim (M (zn,z,t) * M(yn,y,t)) =0 for all ¢ > 0, by a property of n function.
n—oo

Lemma 2.2. The sequences {zn} and {yn} in X are Cauchy sequences if for each 0 < € < 1
and t > 0, there exists a positive integer ng such that n(M (zn, Tm,t) * M (yn, ym,t)) < € for each
n,m > ng.

Proof. If {z,} and {y»} in X are Cauchy sequences then for each 0 < A < 1 and ¢t > 0 there exists
positive integer ng such that M (zn, Tm,t) > 1 — A\, M (Yn,ym,t) > 1 — X for each n,m > ng. So,
M(zn, Tm,t) * M(Yn, ym,t) > (1 — X). then by H2, n(M (zn, Tm,t) * M (yn, ym,t)) < n(l — ). Put
n(l =X =e€, so, n(M(xn,Tm,t) * M(yn,ym,t)) < € for each n,m > no..

Theorem 2.3. Let (X, M, *) be a complete fuzzy metric space. Let F: X x X — X be a mapping
such that F' has mized monotone property and n : (0,1] — [0,00) satisfies the properties (H1) and
(H2). If the mapping F satisfies the condition:

1) There exists xo and yo in X such that Hle{M(wo, F(z0,y0),t:) * M (yo, F(yo,x0),t:)} # 0, for
allk e N, and t; | 0,

it) Txs>0=n(rxs) <n(r)+n(s), for all r,s € {M(zo, F(xo,y0),t) * M(yo, F(yo0,20),t) for all
xo,Yo € X,t > O},

13) {n(M(zo, F(zo,y0),t:) * M(yo, F(yo,x0),t:)) : © € N} is bounded for all xo and yo in X and
any sequence (t;); C (0,00), t; | 0,

w) Finally,
n(M(F(z,y), F(u,v),t) « M(F(y,z), F(v,u),t)) < k-n(M(z,u,t) « M(y,v,t)), (2.1)
forall z,y,u,v € X, t>0 withx 2 u and y > v where 0 < k < 1. Also suppose either

a) F is continuous or

b) X has the following properties:
1) if a non-decreasing sequence {xn} — x then

xn 2 forall n>0, (2.2)
1) if a non-increasing sequence {yn} — y, then
yn =y forall n>0. (2.3)

If there are xo,yo € X such that xo < F(zo0,Y0), Yo = F(yo,x0), then there exist x,y € X such that
x = F(z,y) and y = F(y,x), that is, F' has a coupled fized point in X.
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Proof. Starting with o, yo in X, we define the sequences {z,} and {y.} in X as follows:
z1 = F(zo,y0) and y1 = F(yo, o),

2 = F(z1,11) and y2 = F(y1,11),

and in general, for all n > 0,

Tnt1 = F(Tn,yn) and yni1 = F(Yn, Tn). (2.4)
Next, we prove that for all n > 0,
Tn j Tn+1 (25)
and
Yn = Yn+1- (26)

From the conditions on zo, yo, we have o < F(zo,y0) = z1 and yo = F(yo,z0) = y1. Therefore
(2.5) and (2.6) hold for n = 0.

Let (2.5) and (2.6) hold for some n = m. As F has the mixed monotone property and =y, < Tm41,
Ym = Ym+1, it follows that

Tm+1 = F(-TmyynL) j F(an«l»l,y'm) and F(ym+1,x7n) j F(ym7 mm) = Ym~+1- (27)
Also, for the same reason, we have
F(zmi1,Ym) 2 F(@m+1, Ym+1) = Tmtz and Ymiz = F(Ym+1, Tmt1) 2 F(Yms1, Tm). (2.8)

So , from (2.7) and (2.8)

Tm+1 j Tm+2
and

YmAl Z Yme2

Then, by induction, (2.5) and (2.6) hold for all n > 0. Due to (2.1), from (2.4), for all ¢ > 0, n > 1,
we have

n(M(x'fH Tn+1, t) * M(y'fH Yn+1, t))

(M (F(xn-1,Yn-1), F(@n,yn),t) * M(F(Yn—1,Zn—-1), F(Yn, Tn),t))
kn(M(xn—-1,Zn,t) * M(Yn-1,Yn,t))

IN

that is,
N(M(2n, Tnt1,t) % M(Yn, Ynt1,t)) < k(M (Zn-1,Zn,t) * M(Yn—1,Yn,1t)). (2.9)

From (2.9), we can get for alln > 1, ¢ > 0,

U(M(l’nvfnﬂvt) *M(yn7yn+17t)) < kn(M(‘rn—h:rn7t)*M(yn—layfht))
< an(M(xn—Q»xn—lat) *M(yn—%yn—l,t))
< EPn(M(xn—3,Tn—2,t) % M(Yn—_3,Yn—2,1))
< knn(M(mOMrlat) *M(y07y17t))’ (210)
From the above, we have
M(.Iln, Tn+1, t) * M(yﬂa Yn+1, t) > M(IE(), Z1, t) * M(y07 Y1, t)' (211)
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Now letting any m,n € N, n > m, t > 0, and let (a;); € N be a strictly decreasing sequence of
positive numbers such that > ;2 a; = 1. From (2.11) and condition (i) of the theorem we have

n—1 n—1
M(Z’m,ibn,t)*M(ym,yn,t) 2 {M($m7.’rm,t7 Zait)*M(xm7xn7Zait)}

n—1 n—1
*{M(ym7ym7 Z a‘it) * M(ym7 Yn, Z ait)}
i=m i=m
n—1 n—1
[ M@z, 3 )} 5 {1 Mgy, S ait)}
i=m i=m
n—1 n—1
= M(xm,Tn, Z ait) * M (Ym, Yn, Z a;it)
i=m i=m
n—1
2> H {M(zi, xiy1, ait) * M (yi, yit1,ait)}
i=m
n—1
> [[{M(zo,z1,ait) * M(yo, y1, ait)}. (2.12)
By (2.12) and the condition (ii) of the theorem, we have
n—1
n(M(xm7xn7t) *M(y’m7ynat)) S W(H{M("Eiaxiﬂvait) *M(yi7yi+1aa‘it)})

1

n

< (M (@i, zit1, ait) * M(yi, yiv1, ait))).  (2.13)
From (2.10) and (2.13), we have
n—1 )
U(M(xfm T, t) * M(ynu Yn, t)) < Z klU(M@?O» T1, a'it) * M(yov Y1, a’it))' (2‘14)

Here the sequence n(M (zo, 21, ait) * M (yo, y1, a;t)) for all i € N, is increasing and by the condition
(iii) of the theorem, we have a convergence of the series Z::T}l k'n(M (o, 21, ast) * M(yo,y1, ast)).
For given € > 0 there exists no € N such that

n—1
Z E'n(M (zo, z1,ait) * M (yo,y1,a:t)) < e forall m,n>ng, n>m. (2.15)
i=m

From (2.14), we have
n(M(xma Tn, t) * M(ym7 Yn, t)) S €.

So by lemma (2.2), we conclude that {z,} and {y,} are Cauchy sequences. Since X is complete,
there exist z,y € X such that

lim z, =2 and lim y, =y. (2.16)
n— oo n—o0
Therefore,
lim Zp41 = lim F(Zn,yn) =2
n—oo n— o0
and

lim ypt1 = lim F(yn,zn) = y.
n—o0

n—>00
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Also from (2.5), (2.6) and (2.16), we have that {z,} is a non-decreasing sequence with z, — x and
{yn} is a non-increasing sequence with y,, — y as n — oco. Then, by (2.2) and (2.3), it follows that,
for all n > 0,

Tn 22 and yn = y. (2.17)

N(M (zn, F(z,y),t) « M(yn, F(y,2),t)) = n(MF(@n-1,yn-1), F(z,y),t)
*M(F(yn—lvxn—1)7F(y7m)7t))
kn(M(xn, x,t) * M(yn,y,t)) (by (2.1) and (2.17))

IA

Taking n — oo on the both sides of the above inequality, we have

lim (M (zn, F(z,y),t) ¥ M(yn, F(y, 2),t)) <0,
n— o0
z= limz, = F(z,y) and y= limy, = F(y,z),

that is, (z,y) is a coupled fixed point of F.
The following corollary is the coupled version of the Gragori and Sapena [16].

Corollary 2.4. Let (X, M,*) be a complete fuzzy metric space. Let F: X x X — X be a mapping
such that F' has mized monotone property and n : (0,1] — [0, 00) satisfies the properties (H1) and
(H2). If the mapping F satisfies the condition:

1) There exists xo and yo in X such that

H{M(xovF(xovyO)vti) * M(yo, F(yo, o), t:)} # 0

, forallk €N andt; |0,
i) rxs>0=mn(rxs) <n(r)+n(s), for allr,s € {M(xo, F(zo,y0),t) * M(yo, F(yo, o), t) for all
o, Yo € X, t > 0},
1) {n(M(zo, F(xo,y0),t:) * M(yo, F(yo,x0),t:)) : © € N} is bounded for all xg and yo in X and
any sequence (t;); C (0,00), t; | 0,
1 1
; —1)<k. —1
) MF @), Fl o). 0« M), P, D = 5w o
for all z,y,u,v € X, t >0 withx 2 u and y = v where 0 < k < 1. Also suppose either

(a) F is continuous or

(b) X has the following properties:

(i) if a non-decreasing sequence {x,} — x, then xn, < x for alln >0

(i3) if a non-increasing sequence {yn} — y,then y, = y for alln > 0.

If there are xo,yo € X such that xo = F(zo,Y0), Yo = F(yo,x0), then there exist x,y € X such that
x = F(z,y) and y = F(y,x), that is, F has a coupled fized point in X.

Proof. Putting n(t) = % — 1, then proof follows by Theorem 2.3.

3 Application in Metric Space

In this section we apply Theorem 2.1 of the previous section to obtain a coupled coincidence point
result in partially ordered metric spaces. Several existing results [1, 2, 3] are hereby extended.
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Theorem 3.1. Let (X, <) be a partially ordered set and d be a metric on X such that (X,d) is a
complete metric space. Let F': X x X — X be a mappings such that F' has the mized monotone
property and satisfies the following condition:

max{d(F(z,y), F(u,v)),d(F(y,z), F(v,u))} < kmax{d(z,u),d(y,v)} (3.1)

for all z,y,u,v € X withx < u andy = v, where 0 < k < 1. Suppose F(X x X) C X. Also suppose
etther

(a) F is continuous or
(b) X has the following properties:
(i) if a non-decreasing sequence {xn} — x, then x, < x for allm > 0,

(i3) if a non-increasing sequence {yn} — vy, then yn, =y for alln > 0.

If there are xo,yo € X such that xo = F(zo,Y0), Yo = F(yo,x0), then there exist x,y € X such that
x = F(z,y) and y = F(y,x), that is, F' has a coupled fized point in X.

Proof. For all z,y € X and t > 0, we define

t
M(z,yt) = ——
0= ey
and a * b = min{a, b}. Then, as noted earlier, (X, M, ) is a complete fuzzy metric space.
Let n(t) =+ —1int € (0,1].
Next we show that the inequality (2.1) implies (3.1). From (2.1), for all t > 0, z,y,u,v € X with
x < u and y > v, we have

( t : f _1) <k( f : t _1)’

M g) Fla, o)) L+ d(F (g, 2), F o) mind ey Th dle o))
that is,
1 1
( = _ 1) <k ( = - 1),
t + max{d(F(z,y), F(u,v)),d(F(y,z), F(v,u))} t + max{d(z, u),d(y,v)}
that is,

max{d(F(z,y), F(u,v)),d(F(y,x), F(v,u))}, < kmax{d(z,u),d(y,v)}

which is (3.1). The proof is then completed as an application of Theorem 2.3.

4 Conclusion

In this paper we use a control function to obtain coupled fixed point theorems in Fuzzy metric
spaces. There can also be other uses of the control function in similar problems. Further the
arguments in this paper may be extended to prove n-tupled fixed point results.
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