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Abstract

In this paper studies the convergence of the functional sequence, of functions belonging to L'(R) space and

their analytic representations. In the first theorem using Parseval’s theorem and a result that describes the
inverse Fourier transform between the Heaviside function, we prove the analytic representation of the
functional sequence, of the functions belonging to the L'(R) space, and uniform convergence of the
sequence of their analytic representation. Using Fourier transform and the Cauchy representation we show
that the sequence of the analytic representation, converges uniformly to the functions belonging to the same
space on the compact subset. In the last part, we applied Fubini’s theorem to the functional sequence 6, (t) ,

and if we have a sequence of functions on L'(R) and another function from the same space, then the

sequence of convolutions converges also on L' (R) space.

*Corresponding author: Email: shpetim.rexhepi@unt.edu.mk;

Cite as: Iseni, E., Rexhepi, S., Shaini, B., & Demiri, I. (2024). Analytic Representation of the Sequence of Functions on L'R
Space. Asian Journal of Mathematics and Computer Research, 31(3), 12-19. https://doi.org/10.56557/ajomcor/2024/v31i38779


https://doi.org/10.56557/ajomcor/2024/v31i38779
https://prh.ikprress.org/review-history/12255

Iseni et al.; Asian J. Math. Comp. Res., vol. 31, no. 3, pp. 12-19, 2024; Article no.AJOMCOR.12255

Keywords: Convolution; distribution; analytic representation.

2020 Mathematics Subject Classification: Primary 46F20; Secondary 44A15, 46F12.

1 Introduction

In this paper, we will use the standard notations from the Schwartz distribution theory, taken from [1-10].
Denote by C”(R") the space of all infinitely differentiable functions on R". The subspace of C*(R") that

contains all the functions that have a compact support is denoted by C(R") .

The space of functions belonging to C ;' (R"), that represents the set of all test functions is denoted by D . The
convergence of the test functions is defined as follows:

if and
only if there exists a compact set A< R" such that supp (n,) = A, for every t, supp (t) = A and for every n-

A functional sequence {7}, n € D converges to the function » belonging to the space D as t —t,,

tiple m, where m is a positive integer or zero, the functional sequence {a““byt(x)} converges uniformly to the

function 07 (x) on the compactset A, as t —>t,.

Definition 1. [1,3] Distribution T is a continuous linear functional on the space D . Instead of T(), in
distribution theory, symbolically it is writtenas < T,#n >, for the value of T acting on a test function 7 .

Denote by D' the space of all distributions.

Let » belong to one of the function spaces D or S, and & be a function such that

<T,,n>= j Ot)n(t)dt, neS(neD),

exists and is less than infinity, then T, represents a regular distribution on the spaces S or D, generated by the
function 6 .
One of the first results is that if the function 6<LU'(R) , then the function

é(z) = L_< e(t),i>, Z=X+1y, Xgsuppé,
27i t—z
is Cauchy representation of the function @, i.e.,
lim [ (O(x+iy) - 0(x—iy)p(x)dx = [ 00)n(x)dx,
y—0* b b

where 77e D, and D represents the Schwartz space of test functions.
To prove the theorems in the main results we will use some known properties of the Fourier transform of a
function denoted by F (8) and the inverse Fourier transform denoted by F (). Also Parseval’s formulas for

the functions 6,6,  L*(R) or 6,,6, € L'(R) , are used. The following relations

T F (6,.1)0, (t)dt = Tel(u)F(Qz,u)du ,

—o0 —o0

and
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T F(6,1)06,(t)dt = Tel(u)F’l(Qz,u)du,

—0

are true.

In the papers [2] and [4] it is proved the following result: For the functions g € L'(R) and 6(t) = F *(g,t) the
Cauchy representation of the function @ is

T

—0

Jzif g(ue™du, y>0
0(2) =

{—Zi'fg(u)e‘"”du, y<0

T 0
To prove Theorem 1, also we are based on the following relations:

F_l(H (t)eiu,u) = m, y > O,

F(H(-t)e",u) =

-t y<o
27 (u—2)i

where H(t) represents the Heaviside function.

The function v (x) = (g *6)(x) = [6(x - y)g(y)dy is an element of the space L'(R) , such that ||, < @], ],
and g*0=0%*g. )

By w is denoted the convolution of the functions ¢ and g .

The following theorem is also well-known.

-Let the functions @ and g belong to the space L' and let w = g*6=6+g, then the function  has the
Cauchy representation.

v(@)= [

T u—-z

= [ow) 9z ~u)du =

:J'g(u)é(z—u)du,z =Xx+iy,Imz=0

2 Main Results

Theorem 1.

nsin (tj
Let 0.(t)= ﬁ be a functional sequence that converges to the function 4(t) .
+

Then:
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b 1 1 . . .
[1] Forevery neN | 6,(z) = Py <0, (t),t— >, Imz =0 , is an analytic representation of f .
il -z

[2] The functional sequence {én(z)} uniformly converges on any compact subset of C/R to the function

é(z) , Where

0(2) = —— < 0(t), —— >, Im 2 £ 0 .
27i t-z
[3] The function é(z) is an analytic representation of the function (t),
where 4(t) is the limit of the functional sequence.

Proof

We will prove that lim 6, (t) = 6(t) = e
n—oo +

([t [t
wnll] wft)
lim @, (t) = lim N im—"

e t(1+17) 'H”i(le) C14t?
n

and also 9(t) = 1 is a continuous function, which implies measure function and element of the L* space.
+

t2
1) Let z=x+iy beacomplex number suchthat Imz=0.Forany D and ne N, we have:
[ran(i) o)

nsin| — nsin| —

n n

N A ® 1 2 2
[ (6, 0c+y) =6, (e~ iy)m(x)ox= = | Z_”ijt e

©

dt {7(x)dx.

Using the formulas in [2]

1 -1 iw(x+iy)
—  =F " (H(w)e 1), y>0
2ri(t—x—iy) (H W) )y

And
T _FHw)EM e ), y <0
2zi(t—x—iy)

And using the Parseval’s formula, we get the following results:
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o nsin(t)

g =38

| t(1+t?)

nsm( )

T T H (w)e™ M E(

—o0| —o0

t(L+ t)

nsm( )

[| [Hwe"eF (t(l+t )

—o| —o

© nsin(i)

n iw(x+iy) n
F~(H(w)e J)dt+
j '(H (w) dt+ [ ——

© nsin(l)

t?)

FH(H (~w)e™*™ ,t)dtL(x)dx =

nsin(L)

w)dw + j H(-w)e" ™ F*(—— w)d

,w)dw + j H (—w)e™e"™ F *(

t@L+t?)

nsm( )

(1t)

w)dw

T iwx = -1 n —yw _ wy
Lie P Gy "(H (W)e ™+ H (w)e )dWJn(x)dx.

Now using the Fubini’s theorem, we obtain:

S

[ ( j " n(x)dx)F (——5%

- 1)

nsm(tj
- [FawF- (evrawenn

! (e

w) (H (w)e™ + H (-w)e" ) dw.

w) (H (w)e ™ + H (-w)e" ) dw

w i (x)dx =

n(x)dx =

Next according to the Lebesgue theorem for the dominated convergence, we get the following:

© (nsm( J
lim F(77,W)F’1| —n.W)(H(W)e’yW+H(—W)eWV [dw

y-0' 2 Lt(lﬂz)
o))

= J. F(;],W)F71|

Fr® ey

,w|dw.

|

A .t
» nsin(—) » Nsin(—)
Using again Parseval’s formulas gives that: lim F(n,t)dt = 0 (t)dt
g ag g i errwwes (F(n.1) Lt(1+t2 7(t)

i.e., 0, (z) isananalytic representation of the sequence 6, (t) forevery ne N,

ii) Now let z=x+iy be a complex number such that Imz = 0. Taking difference between én(z) and g?(z), we

get that:
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nsm( )

T t(1+t ) Il/(1+t2)d

1
27i

6,(2)-6(2) = —

-0

—
N~

|
»
:

Since 6, (z), 0(2) e L'(R) for every ne N and - e L'(R) for Imz =0 and the properties for integral, we

z

obtain:
nsin(l)
n
A A «© 2 0 2
0,(2)-0(z)| = LIMdt_L_IMdt <
27i . t-12 2ri, t-1z
nsin(t) nsin(t)
-1/ (1+t° -1/ (@+t°
tl+ t) ( ) tl+ t) ( )
SLT sltzi].i dt <
2w e |t—Z| 2 e '(t_x)2+y2
nsin(t)
— N _1/@+t?)
t(l+t) .t
© » [nsin(—)
1 dt<* [|l—n"_ 1
27 7 y 278 7 |[t@Q+t?)  1+t°
o)
nsin| —
_\nJ

By the assumption, the functional sequence 6, (t) = in L'(R)

. 1
converges to the function 4(t) = e
+

t(1+t")

as n tends to infinity. So, for every ¢ > 0, there exists n, e N such that for all n>n,, we have:

. onsin()

j(t(1+t 2y 14t

—)dt|<¢

On the other side is bounded, for Imz =2 0.

t—-z

Finally, for every & > 0 there exists n, e N such that forall n>n, and all z e C, for which Imz = 0, we have

0.(2)-0|<¢

The proof of iii) is similar to the proof of i).
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M

Theorem 2. Let 6, (x) =
() x(1+x%)

be a functional sequence and g e L'. Lety, =6, *g . Then the sequence
{w,} convergesto y =6+*g in L.

nsin (Xj L
n . .
and — are elements of L'. Let us consider the difference:

Proof. We know that 6, (x) =
x(1+x%) 1+ X

jwn(x)dx—jw(x)dx

TR

s o

i) ]
nsin H . |
=) Sy 90 oy = s 00 oy fox
_nsin(zj . ]
-l m-1+y2Jg<x—v>dvdx-

By Fubini’s Theorem, in the last integral, similar as in [5] we may change the order of integration and get that:

) |

2 y@+y?*) 1+y?

[, 0odx— [ (0ax

dy [|g (x - y)[dx

Since @, — @ in L' and by Lebesgue’s theorem for the dominated convergence we get that w, —y in L.

3 Conclusions

Convergent sequences of functions in L' space and their analytic representations, prove that the sequence of the
analytic representations uniformly converges on a compact subset of C/R, and gives additional results about the
analytic representation of the boundary function. Also, the generalized Cauchy representation helps to obtain
results concerning the analytic representation of the convolution of the functions.

In the future, we suggest if these results are valid in other functional spaces not only in L"(R) space, their
analytic representations, and generalization of the results to analytic representations in distributional spaces.
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