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ABSTRACT

The purpose of this paper is to introduce and investigate weak form of G-open sets in G-metric
spaces, namely G®-open sets. The relationships among this form with the other known sets are
introduced. We give the notions of the interior operator, the closure operator and frontier operator

via G?-open sets.
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1 INTRODUCTION

The concept of a metric space was introduced by
Frechet in 1906, [1]. It has a very important basic
role in mathematics and its application. Many
mathematical concepts that can be discussed
in this space.The first attempt to generalize the
ordinary distance function to a distance of three
points was introduced by Gahler, [2, 3], in 1993.

K. S. Ha, et al; [4], showed that a 2-metric is not
a generalization of the usual notion of a metric. It
was mentioned by Gahler, [2], that the notion of
a 2-metric is an extension of an idea of ordinary
metric and geometrically (x,y, z) represents the
area of a triangle formed by the points x,y and
z in X as its vertices. But this is not always
true.A.Sharma, [5], showed that (z,y, z) = 0 for
any three distinct points z, y, z € R%. B. C. Dhage
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in 1963 introduced a new class of generalized This paper is organized as follows. Section
metrics called D-metrics, [3],. However, several 2 is devoted to some preliminaries. Section
errors for fundamental topological properties in 3 introduces the concept of G”-open sets by
a D-metric space were found by Z.Mustafa and utilizing the G-open balls. Furthermore, the
B.Sims, [6]. Due to these considerations, Z. relationship with the other known sets will be
Mustafa and B.Sims , [7], proposed a more studied. In Section 4 we introduce the concepts
appropriate notion of a generalized metric space, of the interior operator, the closure operator and
called G-metric space. frontier operator via G®-open sets.

2 PRELIMINARIES

Definition 2.1. [1] Let X be any nonempty set. A functiond : X x X — [0,00) is called a metric
function on X if it satisfies the following three conditions for all x,y,z € X :

1. (positive property) d(x,y) > 0 with equality if and only if x = y;
2. (symmetric property) d(z,y) = d(x,y);
3. (triangle inequality) d(z, z) < d(z,y) + d(y, 2)-
A pair (X, d), where d is a metric on X is called a metric space.
Definition 2.2. [6] Let X be a nonempty set and R be the set of real numbers. A function G :
X x X x X — R is called a G-metric function on X if it satisfies the following:
G(z,z,y) >0forallz £y e X;
G( )
G(z,z,y) < G(z,y,z) forevery x,y,z € X withy # z;
G(z,y,2) = G(
G(z,y,2) < G(

z,y,z) =0ifandonlyifx =y = z;

p(z,y, z)) for every x,y, z € Xand for any permutation p of z,y, z;

O A DN =

z
z r,u,u) + G(u,y, z) for every z,y,z,u € X.
If G is a G-metric function on X, then the pair (X, G) is called a G-metric space.

Example 2.3. [7] Let (R, d) be the usual metric space. Define G5 by Gs(x,y,z) = d(x,y) + d(y, z) +
d(z, z) forall z,y, z € R. Then itis clear that (R, Gs) is a G-metric space.

Example 2.4. [7] Let X = {a,b}. Define G on X x X x X by G(a,a,a) = G(bbb) =0, G(a a,b) =
1,G(a,bb) = 2.

Example 2.5. [7] Let (R, G) be G-metric space defined by G(z,y, z) = max{|z —y|, |y — 2|, |z — z|}.

Definition 2.6. [8] Let (X, G) be a G-metric space, x € X and A C X. The open ball with center x
and radius e in metric space (X, G) is denoted by B¢ (z, ¢) and defined by

Ba(z,€) = {y € X‘d(mvyfy) < 6}'

The closed ball with center x and radius ¢ in G-metric space (X, G) is denoted by C (z, €)and defined
by
CG(J:7 6) = {y S X|d($7% y) S 6}'

The set A is called an open set in G-metric space (X, G) if for every x € A, there is ¢ > 0 such
that Ba(xz,e) C A. The set A is called closed set in metric space (X, G) if X — A is an open set in
G-metric space (X, G).

Theorem 2.7. [8] Every G-open ball Ba(x,¢€),z € X,e > 0 is an open setin X.

38



AL-hubaishi and Saif; AJARR, 15(2): 37-45, 2021; Article no.AJARR.65179

Theorem 2.8. [7] Let (X, G) be a G-metric space, then for any x € X and e > 0, we have.
(1) IfG(y,z,x) < e thenz,y € Ba(z,¢);
(2) Ify € Ba(x,€) then there exists a 6 > 0 such that Ba(y, ) C Ba(z,€).

Definition 2.9. [8] Cic(A)is called the G-closure of A if it is the intersection of all G-closed sets
containing A.

Definition 2.10. [8] A set U in a G-metric space X, is said to be closed if its complement X - U is
G-open.

3 GP-OPEN SETS

Definition 3.1. Let (X, G) be a G-metric space and A C X.A point z € X is called a G-point of A in
G-metric space (X, G) if there is 6 > 0 such that for every y € Bg(z,9),

Ba(y,e)NG #0 Ve > 0.
GP?(A) denotes the set of all G® -points of A in G-metric space (X, Q)

Example 3.2. Let (R, G) be G-metric space defined by G(z,y, z) = maz{|z —y|, |y — 2|, |z — z|}. Let
A =(0,2) and B = Q be that set of rational numbers. Note that G®(A) = (0,2) and G’ (B) = R.
Theorem 3.3. Let (X, G) be any G-metric space and A, B C X.Then

1. GP(¢) = ¢ and GP(X) = X;

2. ifAC B ThenGP(A) C G°(B);

3. GP(ANB) C GP(A)NGP(B);

4. GP(A)UGP(B) C GP(AUB).

Proof. 1. ltis clear from the definition ,we get that G”(¢) = ¢ and G*(X) = X.

2. Let AC Bandz € G®(A). Thenis § > 0 such that for every y € Ba(y,€)NA # 0, for all Since
A C B. Then Bg(y,e) N B # 0, forall e > 0. Thatis, z € G®(B). Then G?(A) C G?(B).

3. Since AN B C A. Then by part (2) G®(An B) C G?(A). Similar G?(An B) C G?(B) Then
GP(ANB) C G?(A)NG?(B).

4. Since A C (AU B). Then by part (2) G#(A) C G?(A U B). Similar G®(B) C G?(AU B) Then
GP(A)UGP(B) C GP(AU B).

O

Definition 3.4. Let (X, Q) be a G-metric space. A subset A C X is called a G®-open set in G-metric
space (X, G) if forevery x € A,

Ba(z,e)n GP(A)#0 Ve > 0.

A subset A € X is called a G°-closed set in G-metric space (X,G) if X — A is a G#-open set in
G-metric space (X, G).

Example 3.5. In Example(3.2), the sets A and B are G”-open sets. Note that any finite sub sets of
R are not G*-open set.

Theorem 3.6. Every G-open set is a G° -open set.
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Proof. Let A be any G-open set in G-metric space (X, G). Let z € A be arbitrary point. Then there
is § > 0 such that Bg(z,¢) C G. For every y € Ba(z,¢), y € Ba(z,2)(y) and y € A for every e > 0.
That is, Ba(y,e) NG # 0 for every € > 0. Hence A is G®-open set. O

The converse of above theorem need not be true.

Example 3.7. In Example(3.2), note that for the closed interval A = [a,b], G?(A) = (a,b). Then itis
clear to check that A is a G” -open set. Take x = a or x = b. Note thatz € A but there is no G-open
ball with center x contained in A. That is, A is not G-open setin (R, G).

The intersection of two G®-open sets no need to be G®-open set. In Example(3.2), set o f rational
numbers Q is a G®-open set but not G-open set in (R, G) and the set IR U {¢} is a G®-open set in
(R, G), where IR is the set of irrational numbers and q is any rational number, but QN (I RU{q}) = {q}
is not G®-open set. That is, the collection of all G°-open sets in G-metric space (X, G) does not form
topology on a set X.

The following theorem shows that the intersection of a G-open set and a G?-open set is a G?-open
set.

Theorem 3.8. The intersection of a G-open set and a G -open set is a G” -open set.

Proof. Let A be G-open set and B be G®-open set in G-metric space in (X,G). Letz € AN B be
arbitrary point. Thenz € Aandz € B. Thenthere are 61 > 0 and é2 > 0 such that Bg(z,6:) C Aand
forevery y € Bg(w,62), Ba(y,e)NB # 0 for every e > 0. Take § = min{d1,d2} > 0. Then Bg(z,d) C
A and for every y € Bg(z,9), Ba(y,e)) N B # ( for every e > 0. Now for every y € Bg(z,d) and
since A is G-open set, then there is ¢, > 0 such that B (y,ey)) C A and Bg(y, min{d1,d2})NB # 0.
Since Bg(y, min{d1,52}) N B C Ba(y,€)) NAN B, then Ba(y,e) N (AN B) # @ for every e > 0. That
is AN Bis G-open set. Hence € G®°(AN B). Then Ba(y,e) NGP(ANB) # @ forall e > 0. There
for AN B is G”-open set. O

Theorem 3.9. The union of any family of G”-open sets is G®-open set.

Proof. Let Hy be a G”-open in G-metric space (X,G) for all A € A. Let z € UxcaH, be an
arbitrary point. Then there is at least Ao € A such that = € H,,. Since H,, is a G®-open set then
Be(z,e) N GP(Hy,) # 0 for all e > 0. Hence by Theorem (3.3), G°(H,,) C G®(Uxca). Hence
Bg(z,6) N GP(UreaHy) # 0 for all e > 0. That is Uxea Ha is G*-open set.

O

4 G°-OPEN OPERATORS

In this section, we define the interior operator, the closure operator and frontier operator via G?-open
sets.

Definition 4.1. Let (X, G) be a G-metric space and A C X. The G-closure operator of A is denoted
by C1%,(A) and defined by

Cl%(A)=n{H C X : AC H and H is G°-closed set}.
The G-interior functor of A is denoted by [ntg(A) and defined by

Int?,(A) =U{H C X : HC Aand H is G’-open set}.
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Remark 4.2.

1. By Theorem(3.9), Clg(A) is a G®-closed set and Intg (A) is G®-open set in G-metric space
(X, G).

2. For a G-metric space (X,G) and A C X, itis clear from the definition of CIZ,(A) and Inty,(A)
that A C CI2(A) and Int?,(A) C A.

Theorem 4.3. For a G-metric space (X, G) and A C X, CIZ(A) = Aif and only if A is a G®-closed
set.

Proof. Let C1%,(A) = A. Then from definition of C1/,(A) and Theorem(3.9), CI2(A) is a G®-closed
set and A is a G”-closed set. Conversely, we have A C Clﬂg(A) by Remark(4.2). Since A is a
GP-closed set, then it is clear from the definition of C12,(A), CI%(A) C A. Hence A = ClI(A). O

Theorem 4.4. For a G-metric space (X,G) and A C X, and Intg(A) = Aifand only if Ais a
GP-open set.

Proof. Let A be G”-open set. Then for all z € A, we have z € A C A. Thatis, A C Intl,(A). Then
A = Int?,(A) from Remark(4.2). The converse is trivial. O

Theorem 4.5. For a G-metric space (X,G) and A C X, = € CIZ(A) if and only if for all G®-open set
B containing =, BN A # (.

Proof. Letz € Ci2(A) and B be any G”-open set containing =. If BN A = () then A C X — B. Since
X — Bis a G®-closed set containing A, then CI2(A) C X — Band so z € ClZ(A) C X — B. Hence
this is contradiction, because = € B. Therefore BN A # (.

Conversely, Let = ¢ Clg(A). Then X — Clg(A) is a G-open set containing x. Hence by
hypothesis, [X — CIZ(A)] N A # 0. But this is contradiction, because X — C1%,(A4) C X — A. O

Theorem 4.6. For a G-metric space (X,G)and A C X,z € Inté(A) if and only if there is G*-open
set Bsuchthatz € B C A.

Proof. Letx € Intl,(A) and take B = Int.,(A). Then by Theorem(4.5) and definition of Intf(A) we
get that B is a G®-open set and by Remark(4.2), z € B C A. Conversely, let there is G°-open set B
such that z € B C A Then by definition of Int%(A), z € B C Intl,(A). O
Theorem 4.7. For a G-metric space (X,G) and A, B C X, the following hold:

1. If A C Bthen CIZ(A) C CIZ(B);

2. ClI%(A)UCIL(B) C CIZ(AUB);

3. CI%(ANB) C CIL(A) N CLL(B);

4. CIZ(A) C Clg(A).
Proof. 1. Letx € CZZ(A). Then by Theorem(4.5), for all G?-open set C containing 2, CN A # 0.

Since A C Bthen C' N B # . Hence = € C12(B). Thatis, Ci%(A) C CIZ(B).

2. Since A C AUB and B C AU B, then by part(1), Cl%(A) C CI%(AU B) and CIZ(B) C
C1%,(G U B). Hence CI%,(G) U CIZ(B) C CIZ(AU B).

3. Since ANB C Aand AN B C B, then by part(1), Cl% (AN B) C C1%,(A) and CI%(AN B) C
C1%,(B). Hence CI2%(AN B) C CIZ(A) N CI2(B).

4. ltis clear from Theorem(4.5) and from every G-open set is G#-open set.

In the above theorem C1%(A U B) # CI2,(A) U CIZ(B) as it is shown in the following example.
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Example 4.8. Let (R, G) be G-metric space, where
G(.’E, Y, Z) = maaz{|x - y|7 ‘y - Z|7 ‘Z - :]3|}
and (R, d) is usual metric space. Let A = IR and B = Q — [{2}], where Q is the set of rational
numbers, IR is the set of irrational numbers and 2 is any rational number. Since A and B are G-
closed sets in R. Then CI(A) U ClL(B) = AU B =R — {2}. If R — {2} is G’-closed set in R then
{2} is G#-open set but {2} is not G®-open set and this contradiction. Hence R — {2} is not G®-closed
setin R. Since R — {2} C CIZ(R — {2}) then
CIZ(AUB) = CIL(R — {2}) =R.

Theorem 4.9. For a G-metric space (X, G) and A, B C X, the following hold:

1. If A C Bthen Intl,(A) C Intl(B);

2. Int?(A)U Int?(B) C Ints(AU B);

3. Int?(ANB) C IntZ(B) N Intl(B);

4. Intc(A) C Intl(A).
Proof. 1. Letz e Intg(A). Then by Theorem(4.6), there is G®-open set C' suchthatz € C C A

Since A C Bthen z € C C B. Hence x € Intl,(B). Thatis, Int%(A) C IntZ(B).

2. Since A C AU B and B C AU B, then by part(1), IntZ,(A) C Int2 (AU B) and Int%(B) C
Int?, (AU B). Hence CIZ(A) U Intl,(B) C IntZ(AU B).

3. Since ANB C Aand ANB C B, then by part(1), Int%,(ANB) C Intl(A) and Intl,(ANB) C
Intl(B). Hence Intl,(AN B) C Intl,(A) N Intl(B).
4. ltis clear from Theorem(4.5) and from every G-open set is G”-open set.

In the last theorem Int?, (AN B) # Intl(A) N Intl(B) as it is shown in the following example.

Example 4.10. In Example(4.8), take A = Q U {+/2} and B = IR, where Q is the set of rational
numbers, IR is the set of irrational numbers and /2 is any irrational number. Since A and B are
G”-open sets in R. Then Intf,(A) N Intl(B) = AN B = (QU {v/2}) N IR = {+/2}. Since {v/2} is
not G*-open set and Int?({v/2}) C {v2} then Int2 (AN B) = Int2({v/2}) = 0.
Theorem 4.11. For a G-metric space (X, G) and G C X, the following hold:

1. Intl (X — A) = X — CIE(A);

2. CIL(X — A) = X — Intl(A).
Proof. 1. Since A C Cl2(A), then X — Cl1%(A) C X — A. Since CI2(A) is a G®-closed set then

X — CIZ(A) is a G-open set. Then
X — Cl(A) = Intl,[X — CIL(A)] C Intl(X — A).

For the other side, let x € Int*g(X—A). Then there is Gﬁ-open setCsuchthatz € C C X —A.
Then X — C is a G”-closed set containing A and = ¢ X — C. Hence z ¢ CI%(G), that is,
z€ X —ClL(A).

2. Since Intl(A) C A, then X — A C X — Intl(A). Since Intl,(A) is a G’-open set then
X — Intl,(A)) is a G°-closed set. Then

Cl2(X — A) = CIZ[X — Intl(A)] = X — Intl(A).

For the other side, let z ¢ Clg(X — A). Then by Theorem(4.5), there is a G*-open set C
containing = such that C N (X — A) = 0. Thenz € C C A, thatis, € Int2,(A). Hence
x ¢ X — Intl,(A). Therefore X — Intl,(A) C CIZ(X — A).

O
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Theorem 4.12. For a subset A C X of G-metric space (X, G) the following hold:
1. If Bis a G-open setin X then CI%(A) N B C CI2%(AN B);
2. If Bis a G-closed set in X then Int(AU B) C Int(A) U B.
Proof. 1. Letz € ClZ(A)NB. Thenz € CI%(A) and = € B. Let D be any G°-open set in (X, G)
containing z. By Theorem(3.8), D N B is G®-open set containing z. Since z € Clg(A) then

by Theorem(4.5), (D N B) N A # 0. This implies, D N (BN A) # 0. Hence by Theorem(4.5),
z € Cl%(AN B). Thatis, CIZ(A) N B C CIL(AN B).

2. Since B is a G-closed set X then by the part(1) and Theorem(4.11),
X — [Intl,(A) U B] [X — Intl,(A)]N[X — B]
= [C1%(X - A)N[X - B]
CIZI(X — A)n (X — B)]
= CI%(X - (AUB))
= X - (Intl(AUB)).

N

Hence Int2 (AU B) C Intl(A) U B.
O

Theorem 4.13. For a G-metric space (X,G) and A C X, z € Clg(A) if and only if for all ¢ > 0,
Bg(z,e) N A £ 0.

Proof. Letz € Clg(A)ande > 0. If Bg(z,e)NA = 0then A C X — Bg(z,¢). Since X — Bg(z,¢) is
a G-closed set containing A4, then Clg(A) C X — Ba(z,e) and z € Clg(A) C X — Bg(z,¢). Hence
this is contradiction, because = € Bg(x,¢). Therefore Bg(z,e) N A # 0.

Conversely, Let ¢ Clg(A). Then X — Clg(A) is a G-open set containing . Then thereise > 0
such that Bg(z,¢) € X — Clg(A) Hence by hypothesis, Be(x,¢) N A # @. But this is contradiction,
because Bg(z,e) C X — Clg(A) C X — A. O

For a subset A of G-metric space (X, G) the G-frontier operator of A is defined by
I2,(A) = CIL(A) — Intl(A).

Theorem 4.14. For a subset A C X of G-metric space (X, G), the following hold:

1. CIL(A) =TL(A) U Intl(A);

2. T(A) N Intl(A) = 0;

3. T%(A) = CLL(A) N CIL(X — A).
Proof. 1. Note that

L2(A)UIntl,(A) = (CIZ(A) — Intd(A)) U Int2(A)

[CIZ(A) N (X — Intl(A))] U Int(A)
[CIZ(A) U Intl,(A)] N [(X — Intl(A)) U Intl,(A)]
= CIL(A)NX =Cl(A).

2. Itis clear from the definition of T2, (A).
3. By Theorem(4.11),

T2(A) = CIL(A) — Ints(A) = CIZ(A) N (X — Intl(A))
CI%(A) N CIL(X — A).
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Corollary 4.15. For a subset A C X of G-metric space (X, G), T'%(A) is G°-closed set in (X, G).

Proof. By Theorem(4.9) and the part(3) of the last theorem. O

Theorem 4.16. For a subset A C X of G-metric space (X, G), the following hold:
1. Ais a G”-open setif and only if 'Z,(A) N A = 0;
2. Ais a GP-closed set if and only if ', (A) C 4;

3. Ais both G”-open set and G°-closed set if and only if I'2,(A) = 0.
Proof. 1. Let A be a G®-open set. Then Intg(A) = A. Then by Theorem(4.14),
2 (A) N A=T%A) N Int(A) =0
Conversely, suppose that Pg(A) NA=(. Then

A—Intl(A) = [ANCIL(A)] - [ANIntl(A)]
AN (CIL(A) — Intl(A) = ANTL(A) = 0.

That is, Int?,(A) = A. Hence A is a G”-open set.
2. Let A be a G’-closed set. Then C12,(A) = A. Then

[2,(A) = CI(A) — Intl,(A) = A — Intl(A) C A.
Conversely, suppose that Fg(A) C A. Then by Theorem(4.14),
Cl2(A) = Intl,(A) UTL(A) C Intl(A)U A C A.
That is, C12,(A) = A. Hence A is G°-closed set.
3. Let A be both G”-closed set and G”-open set. Then C12,(A) = A = Int(A). Then
T2(A) = CIL(A) — Intl(A) = A— A=0.

Conversely, suppose that T2, (A) = (. Then C12,(A) — Intl,(A) = 0. Since Int,(A) C CIZ(A)
then CI2(A) = Intl,(A). Since Intl,(A) C A C C15(A) then

Cl2(A) = A = Intl(A).

That is, C12,(A) = A. Hence A is both G”-closed set and G”-open set.

5 CONCLUSION COMPETING INTERESTS

As we noted that the G®-open set is a weak form Authors have declared that no competing
of open set in G-metric space, also the reader interests exist.

can give the notion of the continty property via

GP-open sets in G-metric spaces.The reader also REFERENCES
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