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Abstract

This paper is aimed at an extensible suspension bridge equation with additive noise and linear
memory. For the suspension bridge equations without additive noise and memory, there are
many classical results. However, the extensible suspension bridge equations with both additive
noise and linear memory were not studied before. The object of this paper is to provide a

result on the random attractor to the above problem using compactness translation theorem and
decomposition technique.
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1 Introduction
Denote (2, F,P) be a probability space, where
Q= {OJ - (W17w27' o 7wm) S C(R7Rm) : UJ(O) = 0}7

is endowed with compact open topology, F' is the P-completion of Borel o-algebra on €2, and P is
the corresponding Wiener measure. Define the time shift as

Qw(-) =w(-+t) —w(t), teR, we.
Therefore, (2, F,P, (0:)tcr) is an ergodic metric dynamical system.

In this paper, we study the existence of random attractors for the following suspension bridge
equations with memory and additive noise:

w4+ A%u+ Aug + kut + (p = BVl T2 ) Au + [57 p(s) A% (u(?)

—u(t —s))ds = g(z) + 377", hiW;, € Ut > T,
u(z,t) = Au(z,t) =0, zedlU, t<T7, 7€ER,
u(z, ) = uo(z), we(x, 7) = ui (), xz €U,

(1.1)

where U is a bounded open set in R?, as well as a smooth boundary U, v = u(z, t) is a real function
on U x [r,400) and accounts for the downward deflection of the bridge in the vertical plane, u™
stands for its positive part, namely,

olw if u > 0,
1 0, if u<0.

k > 0 denotes the spring constant, p is negative when the bridge is stretched, positive when
compressed, h;(z) € H3(U)NH*(U), (j = 1,2,3,--- ,m), {W;}/-, are Wiener processes on (£, F, P).
We denote

w(t) = (Wi(t), Wa(t), -, Wn(t)),t € R.

The function u(s) and g(z) satisfy:

(H1): p(s) € C*RT)NLART), u(s) >0, w'(s) +du(s) <0, Vs € R and § > 0.
(H2) : g € Hy N H*(U).

Following Dafermos [1], we introduce a Hilbert “history” space
Rz = Lu(R", H*(U) N Hy (U)),

where -
(m,m2) .2 :/ p(s) (Ani(s), Anz(s)) ds, Vni,m2 € Ry 2.
0

We introduce new variables

nt,z,s) = u(t,z) —u(t — s, z).

To facilitate easy calculation, we take 8 = 1. Then set E = (H*(U)N Hy(U)) x L*(U) x Ry 2, Z =
(u,ut,n)T, then the system (1.1) is equivalent to initial value problem below in the Hilbert space E :

{ Zy = L(Z) + N(Z,t,W(t)), z€eU, t>71, seRT, (1.2)

Z(1) = Zr = (uo(x),u1(x),n0(x,s)), (z,s) €U xRT,
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where
w(t,7,z) =n(t,7,z,8) =n(t,7,2,0) =0, = €U, t >7, s € RT,
Au(t,m,x) = An(t,7,z,8) = An(t,7,2,0) =0, € 9U, t <7, s € RT,

u(t,z) = u(r,7,2) = uo(7,x), ut(7,x) = ue(7, 7, 2) = u1(x), zeU, (1.3)
n(r,z,s) =no(x,s) = u(r,z) — u(r — s,x), (x,5) € U x RT,
L(Z)= | =A% — A%y — [ p(s)A%n(s)ds |, (1.4)
Ut — 7]5
O .
N(Zt,W(t) = | —kut — (0= IVulllz)Au+ X7 bW |, (1.5)
0
_ u+ 7 p(s)A%n(s)ds € H*(U) N H§(U),
Dy = {Z €1 e HAW) () € HARY, H2(U) 0 HY(U)),nir) = 0 } 19

here H,(RT, H*(U) N Hy(U)) = {n : n(s),0sn(s) € LL(R", H*(U) N Hy(U))}.

The suspension bridge equations are an important mathematical model in engineering. Lazer and
McKenna [2] investigated the problem of nonlinear oscillation in a suspension bridge. Lately, similar
models have been considered by many authors, most of them concentrating on the existence and
decay estimates of solutions; see [3, 4, 5] and references therein.

As h;j(1<j<m)=0and p=8=p=0, Eq. (1.1) reduces to a normal determined suspension
bridge equation. There were many publications concerning the existence of their uniform attractors,
pullback attractors and exponential attractors, see for instance [6, 7, 8, 9, 10, 11] and reference
therein. The asymptotic behavior of suspension bridge equation with past history (i.e. u # 0) has
been studied by many authors when p = 8 = 0 (see [12, 13, 14]). When h;(1 < j < m) =0, p,8
and p are not zero, the equation is so called a deterministic Kirchhoff type problem. In this case,
existence of the attractors in bounded domains has been studied in [15].

In the case when h;(1 < j <m) # 0, (1.1) is just the stochastic suspension bridge equation that we
are concerned with in this paper. In [16], the authors proved the existence of random attractors on a
bounded domain as p = 8 = 0. Ma and Xu [17] studied the random attractors of suspension bridge
equation with noise as u = 0. As we know, there is no results on the asymptotic behavior of the
stochastic suspension bridge equations (1.1). Therefore, we will focus on random attractors for (1.1).

To gain the existence of random attractors for a random dynamical system, without loss of generality,
the important step is to obtain the compactness of the system in some sense. For our system (1.1),
there are three essential difficulties in showing the compactness. The first difficulty is that the
geometric nonlinearity, it makes our estimates more complex, so we need to make more accurate
calculation. The second difficulty is that the parameter p € R also brings some difficulties. The
third difficulty is that the memory kernel itself: for one thing, compact embedding does not exist in
the history space; for another thing, the finite rank method can not used. In order to move on these
obstacles, we have to introduce a new variable and define a improved Hilbert space, along with
the compactness translation theorem based on the methods of [18]. Finally, by constructing some
functionals and using the decomposition technique, we arrive at our aims, that is, the existence of
random attractors to (1.1) is showed.

Arrangement throughout the paper is as follows. Background materials on random dynamical

system and random attractors are iterated in Section 2. In Section 3, we show that (1.1) generates
a continuous random dynamical system. In Section 4, we establish the existence of the uniform
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absorbing set. In Section 5, we decompose the solution into two parts: one part decays exponentially
and another part is bounded. Finally, we show the existence of random attractors.

2 Random Dynamical Systems

In this section, we give some concepts on random dynamical system and a theorem for random
dynamical system in [19], which are crucial for obtaining our main results.

Suppose (X, || - ||x) be a separable Hilbert space with Borel o-algebra B(X) and (€, F, P, (6;)ier)
be a metric dynamical system.

Definition 2.1. Let (2, F, P, (6:):er) be a metric dynamical system. Suppose that the mapping ¢ :
Rt x Qx X — X is (B(R") x F x B(X), B(X))-measurable and satisfies the following properties:

(Z) d)((),w)x =
(31) @(s,0w) 0 Pp(t,w)x = ¢(s + t,w)x;

for all s,t € RT, x € X and w € Q. Then ¢ is called a random dynamical system. Moreover, ¢ is
called a continuous random dynamical system if ¢ is continuous with respect to = for ¢t > 0 and
w e Q.

Let D be the collection of all tempered random sets in X, and
D={D={DW)}wea: Dw)C E1, e *d(D(0_1w)) = 0, t = o0},

where v > 0, d(D(0_w)) = SUPyep(o_,w) [|ull&.

Definition 2.2. A random set A := {A(w)}weq € X is called a random attractor for the random
dynamical system ¢ if P — a.s.

(¢) Ais arandom compact set, i.e. A(w) is nonempty and compact for a.e. w € Q and w — d(z, A(w))
is measurable for every z € X

(#t) A is ¢-invariant, i.e. ¢(t,w, A(w)) = A(fiw), for all t > 0 and a.e. w € ;

(#i1) A attracts every set in X, i.e. for all bounded(and non-random) B C X,

tlim du(é(t, 01w, B(A_w)), A(w)) =0, a.e weQ,
— 00
where “dg(-,-)” denotes the Hausdorff semi-distance between two subsets of X.

Theorem 2.3. Let ¢ be a continuous random dynamical system on E over (Q, F,P, (6:)tcr).
Suppose that there exists a random compact set K(w) such that for every bounded non-random
set Be X,

tlgilo du(¢(t,0-1w, B(A—w)), K(w)) =0, a.e.w € Q.

Then the set -
A={AW)}twea = |J AsWw),

BCX
is a random attractor for ¢, where the union is taken over all bounded B C X, and Ap(w) is
the w-limits set of B given by

Ap(w) = ﬂ U o(t,0_tw, B(_w)), w €.

T20t>T
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3 Existence and Uniqueness of Solutions

Denote A = A% Az = —A and D(A) = {u € H*(U) N HY(U) |Au € L*(U)}. We can define
H" = D(Ag). The space defined above is a Hilbert space with inner product and norm

(u,0) = (ATu, AT0), ||- |, = [|[ATull, VuveH
In particular, D(A°) = L2(U), D(A%) = H?*(U) N H}(U). The inner product and norm in

L?(U) is denoted by (-,-), || - ||, and in H*(U) N H}(U) is denoted by ((-,-)), || - [|2. By (H1), the
space Ry, = Li (R*,H") is a Hilbert space with the inner product and norm, respectively

() = / u(s) (AT n(s), Ay (s))ds,
0 N n, me HT7

2, = / " () (Af (), ATn(s)ds,

the linear operator —ds has domain
D(=0s) = {n € H,(R",H") : 1(0) = 0},
where H;(R*,HT) ={n:n(s),dsn(s) € Li(R*,’H’")}.

To convert the problem (1.2) into a deterministic system with a random parameter, we consider
Ornstein-Uhlenbeck equations

de+Zjdt:de(t), ]:{1727 7m}7 (31)
and Ornstein-Uhlenbeck processes
0
zj(Ow;) = —/ e’ (Owwj)(s)ds, te€R.
Put .
2(0uw) = 2(z, 0:0) = h;jz;(0iw;), (3.2)
j=1

which is a solution to

dz + zdt =y h;dW;.
j=1

Let
o(t,w,2) = w(t,w, @) +eult,w,x), t 27, Y(t,w,z) = (u,0,n)",
where
A1 4j}
24+ 3\ Ty
where A1 > 0 is the first eigenvalue of operator A%u. The initial problem (1.2) is equivalent to the
system in E :

€ = min{ k= ||lull 2 @+) >0,

d+ HW) = N(Z,t, W (), ¢r(w)=(uo,ur +euo,mo)", t>7, T ER, (3:3)
where
eu — v 1 0 O
HW)=| (1-e)Au+Av—c’u—cv+ [°u(s)An(s)ds | = —T-LT.(4), T-=| ¢ 1 0
EU—V+Ms 0 0 1
(3.4)
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Let
w(ta w, I) = Ut(t7 w, (E) + Eu(t7 w, $) - Z(Otw)a Y= (ua w, 77)T»

then the problem (3.3) is equivalent to

L)b + H(@) = F(@vetwvt), @T(w) = (u07u1 +euo — Z(GTUJ)77]0)T7 t Z T, TE Rv (35)
where
z(0:w)
F(p, 0w, t) = | —kut — (p— ||[Vul|>)Au + g(z) + e2(0w) | . (3.6)
2(0:w)

By the standard theory of operators semigroup concerning the existence and uniqueness of solutions
of evolution equations [20], we have:

Theorem 3.1. If (Hy) — (H2) hold. Then for each w € Q and ¢, € E, there exists T" > 0, such
that (3.5) has a unique mild solution ¢(-,w, ;) € C([r,7 + T); E) with ¢(7,w, p-)
= ¢-, and

t
ot w,or) =e T (W) + / e =P (s, 0w, (s, w, ©r))ds. (3.7)

Furthermore, ¢(t,w, ¢-) is jointly continuous in ¢., and measurable in w.

From Lemma 4.1 below and Theorem 3.1, the solution ¢(-,w, ) exists for ¢t € [r,00). Thus the

solution ¢(-,w,p-) € C([1,+0); E), and we can define a continuous random dynamical system
over R and (Q, F, P, (6:)ter) :

®(t,w) : pr = p(t,w, 7). (3.8)
It is not hard to find
Y(t,w, Z;) = R_ g, ,®(t,w)Re 0,0 : Zr — Z(t,w, Z;) (3.9)
and
U(t,w,pr) = TeXT ¢ 2 pr = Y(t,w,97) (3.10)

are continuous random dynamical systems over R and (2, F,P, (6;)tcr). So, ®, Y, and ¥ are
equivalent to each other.

4 Random Absorbing Set

Lemma 4.1. Assume that (H;) — (H2) hold. There exists a random variable r1(w) > 0 and a
bounded ball B(w) € D, centered at 0 with random radius r1(w) such that for every {D(w)}wen €
D, there exists tp(w) > 0 such that the solution ¢(t,w; ¢-(w)) of (3.5) with initial value (uo,u1 +
euo,m0)” € B satisfies, for P-a.s.w € Q,

(T, 7 = t,0—rw, pr—t(0—rw)) 5 =llu(r, T — t,0—rw, or —(6—-w))|3
+w(r, T =t 0w, pr—t(6—7w))||®
+ln(r, 7 = t,0-rw, or—i(0—w), 5)[7.2
<ri(w), Vit>tpw), (4.1)

that is,
o(t, 7 —t,0_yw,B(T —t,0_4w)) C Bw), Vit>tpw). (4.2)
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Proof: Taking the inner product (-,-)g of (3.5) with ¢(r) = (u(r),w(r),n(r))", we have

1d, .
5&”80”13 + (H(p), 9)E

=((2(0w), w)) — k(ut,w) — ((p — | Vu]*) Au, w) + (g(x), w) (4.3)
+2(2(0iw), w) + (2(0:), M-

Similar to the estimates of Lemma 4.1 in [21],

€ € 1 1
(H(@),@)p 2 Sl + fowl®) + S Julld + 3 ol + 2 il 2. (4.9
We estimate each term of the right-hand side of (4.3) as follows,
€ 1
((2(0rw),u)) < ZHU||§ + g|2(9tw)\27 (4.5)
1d ek k
_ + <_1a +2 _ER 2 L R 2 4
Bt w) < —3 ThIt I = Pt 4 (), (46)
— (p — [lull)(Au, w)
== L g = Sl ) = St + 2 — (= p) (A, 2(60)
4 dt 2 2 2 ’
1d 2 2 € 2 2 € 4 5]72 € 2 2
<_ -2 _ < _ _ = gy = _
<= 2 a2 — ) — Sl — ) — Sl + 2+ Sl p)
13 4 1 4
+ §||UH1 + @|Z(9tw)|
B T T SRC R N !
== 2 2 =y = Sl 2+ Lt S0, (47)
1
(z(Orw), w)| < Zl\wllz +&%|z(0w) 7, (4.8)
2k 1
(=(0), M2 < N0} + S Il (19)
1
(9(z),w) < ZH"LUH2 + llgll®. (4.10)

Collecting all above (4.4) — (4.10), it yields

d 1

& (ol Rl 24 S0l = ) + el + elol?
1 €

+ Z||77||i,2 + ekllut|? + 5(||U||? -p)?

<M1+ |2(6:w) | + |2(8:w)| ),

where M = max{! + 2—’“5 +e2 4 25, §7 # +1lg/I*}. Choosing £1 = min{e, g}, applying Gronwall’s
inequality

ll(t,w; o(r, )5

e (b 1
<emsr(7m) (Hso(nw)l\% + 5(|Iuo\|? -p)*+ k\luélf)
t
+ M/ e (1 4 2(0.w) 2 + |2(Baw)|*)ds
<2em1 (7 (IIuoH% + [lus + guol|* + [Inolli.2 + [2(0-w)[* + (luollf — p)* + klluo+H2)

t
+ M/ e T (1 4 2(0.w) 2 + |2(Baw)|*)ds. (4.11)
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Due to ¢(7,w) € D(w) and D(w) is tempered, it yields

lim sup e =177 (HUOI@ + [lur + uoll® + [lnoll}.,2 + |2(67w)

5P
T (luwoll? — p)? + knua*nQ)
=0. (4.12)
Take 0
) =2M [ 0w +[a(0.)/ s, (4.13)

which is a tempered random variable, then by (4.11) and (4.12), the set B(w) = {¢ € E : ||l¢||g <
ri(w)} is a closed measurable absorbing ball in D(E) and

lo(r, 7 = t,0—rw, pr—t(0—rw) | < ri(w), V12tp(w).

[m]
5 Decomposition of Solutions
Decomposing ¢ = (u,w,n)” of the system (3.5) into ¢ = @1 + @n, then
@L+H(QDL) :O7 QDL(T,UJ) = (U07UI+EUO,UO)T7 t2 T, TGR7 (51)
and B
on + H(on) = F(w), on(rw)=(0,—2(w),0)", t>7, 7 €R, (5.2)
where
~ 2(0:w)
Fw) = [ —kul — (0 — IVun ) Auy + g(x) +22(0u) | - (5.3)
2(0:w)

For the solutions of Equations (5.1) and (5.2), we have the following estimate and regularity
result, respectively.

Lemma 5.1. Suppose D(w) be a bounded non-random subset of D, for any ¢r(7,w) = (uo,u1 +
euo,n0)” € D(w), there holds

oL (0,w; L (T, w)[[E < r3(w), (5.4)
where ¢, = (ur,vr,nr) satisfies (5.1).

Proof: Taking the inner (-,-)g of (5.1) with pr = (ur,vr,nr)7, in which vy, = urs 4 eur, we get

1d
s—lecllE + (H(er), oL)e =0, (5.5)
2 dt
and
€ 2 2 € 2 1 2 0 2
(H(pr),or)p 2 5 (lurllz +llorll”) + Fllucllz + Sllvnll” + Iz ll.2, (5.6)

Thus, putting (5.6) into (5.5), yields

d € 1
£||30LH2E +e(llucll + oo ll®) + §HUL||§ + o)l + o llnel 2 <0, (5.7)

that is,

d
JpYr T e <0. (5.8)
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where 2 = min{e, $} and
yr = [lerl|E > 0.
As ¢(0,w; o(T,w)) = ¢r(0,w; L (T,w)) + (0, 2(w),0) € B(w), we obtain
L (0,w, pr(r,w))|e < r1(w) + |2(w)] = Mi(w).
By Gronwall’s inequality,

H‘PL(O7 w, @L(va))HQE < yL(07 w, (pL(T7 w))
e

< yL(Taw7 QOL(TW‘)) 27
2 eoT (59)
< llpr(r,w)lze
< M7 (w)e™ = r3(w).
O

Lemma 5.2. Assume that (H1) — (H2) hold, p < \/:?717 there exists a random radius r3(w), such
that for P-a.e.w € €,

AT un |3 + AT une]? + AT nn]2 2 < 73 (w). (5.10)
Proof: Taking the inner of (-,-)g of (5.2) with A%QDN = (A%uMA%wN,A%nN)T, we get
1d 1 1 1 1
5 2 (1A un i + AT wn |* + AT 72 ) + (H(pn), AZon) s
= ((2(0w), A2un)) — k(uly, A2wn) — ((p — || Vun|*) Aun, AZwy) (5.11)

+ (9(x), A2 wn) + e(2(0w), A wy) + (2(0iw), A )

Following, we estimate the right terms in (5.11) as follows

H(pn), AT oy
( ).

€ 1 1 € 4L 1, .1 0, ,1
> (AT unl3 + 1 ATwn|?) + S1ATun]3 + SlATwn|? + S1ATNIE.  (512)
1 1 1
(((0m), A2un)) < ZATunll3 + Z|2(0) (5.13)
1
| = (hu, A2 wn)| < 2K A% + 5l AT wn |, (5.14)
((p— ||VuN|| )AUN,AZU)N)
1 d 2 2 2
=5 = (lun (3 = pllun3) + e(lun |l lun (3 = pllux|13)
+ (p = llun 13 (A2, 2(0:)) = w3l
1
> = 2 (s | lun 13 = pllunll3) + 5 (lun 1 un 13 = plhu 3)
S Iplllun 3 = (pl + \Iuw\l?)l\uwllzlz(etw)
1 d 2 2 2
> 2 (s lunll3 = pllunli3) + 5 (lun 1 un 13 = pllux 3)
1 .
= (11 5001+ Tl w1 = G1e(6) = Jun v (5.15)
1 2 1 1 2
(9(@), A2wn) < gl + gllAtwn?, (5.16)
1
£(z(0w), A2 w) < [2(0)* + 7 AT wn |, (5.17)
1 2 6,1
(2(0), A2 i)z < S120w) + S ATz, (5.18)
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By putting (5.12)-(5.18) into (5.11), yields

d 1 1 1
= (A% unl3 + AT wn ] + [ AT na 7 + llux I lun]l3 = pllux]3)

1 1 1
tes (I1A4dun ]+ A wn]? + |4t gy

po + a3 = pllunl3)

4k? 2 4 (5-19)
K
< (etol+ (ol + )+ ) Bl + (34 24 5 oo
+2llun 3 llunell + gl
that is
a
dty 3Y
< (atl-+ o+ a7 + S ) s 520
< |elp p N1 o N2 (5.20)
2 4k 2 3 2
{34 2+ 5 ) [20)] + 2funl2llune] + llgllt,
where e3 = min{e, £} and
1 1 1
y=A%un |3 + [ATwy|® + | AT |72 + luslfEllu |3 = pllus 3.
Since
1 2 1 2 1 2
y = Cp)([[ATunlz + [[ATwn " + [|ATnNlL2) > 0,
here
L p=0,
C(p) = Nexy
1- ﬁ, 0<p< ¥t
From Lemma 4.1, we have
d +e
dty 3y
= (€| [+ (] + 7)) + 2 ) () 5.21
< |éelp P 1 ) (5.21)
2 4k 2 4 2
(34 24 %) 120w + 2rt) + gl
Taking advantage of Gronwall’s lemma, it follows that
—ea(t—7) L a(t—s) 2 o, 4KPY o
y <=yt [ 0 (elpl (o] + ri5,)? + T ) rGs,w)ds
. VA1
9 Ak . . 1 (5.22)
+ <3 +o+ ?> / e 3079 2 (0,w) [Pds + 2/ e 30701 (5, w)ds + E||g\|?
Let
2 R— 2 2, 4K7\ o
r3(w) = e elpl + (Ipl + ri(s,w))” + ) (s,w)ds
2 4 o o 1
+ <3+g+§> / e 53t|z(95w)\2ds+2/ e Egtril(s,w)dergHgH?.
Since z(w) is tempered, , lil_zl e %3 2(0_tw)| = 0 and 73 (w) is a.s. bounded. |
—+oo
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6 Existence of Random Attractor

Lemma 6.1. [21,13] Let Xo, X, X1 be three Banach spaces such that Xo < X < X;, ,the first
injection being compact. Let Y C Li (R*, X) satisfy the following hypotheses:

(i) Y is bounded in L7 (RT, Xo) N HL(RT, X1),
(i1) sup,cy In(s)|I% < Ko,Vs € RT, for some Ko > 0 .

Then Y is relatively compact in L7, (R, X).

Note that for any Vr €e Riw € Q,t >0

_ uN(t7w790(7—7w))_uN(t_87w790(Taw))7 s < t,
v (t,w, p(T,w),s) = { nn(t,w, (1, w)), s>t (6.1)
] une(t = s,w, 0(T,w)), s<t,
nNS(t7w7 @(7-7 UJ), S) - { O7 s>t (62)
Define :
B(7,w) = Ug(r,0)eB(r1 () Utz0 N (t, w, (T, w), 5),
where ¢ = (u,w,n)7 is the solution of (3.5). By Lemma 5.2 and (6.1)-(6.2), we have
max{||nNS(t7waSO(Taw)7S)”i,la HnN(tawyw(T7w)7s)Hi,3} < 27"3(&)), Vs > Oa (63)

this shows B(r,w) is bounded in LZ(R*, H*)NH}(RT, H'). Again, by Lemma 4.1, 5.2 and (6.1), the
following

sup [[An(s)|* =sup  sup 1ADN (t,w, o(7,w), 8)|* < 2rf (w) (6.4)
n€B(T,w),s>0 t20 ¢(7,w)€EB(r1(w))

is valid.

Therefore, by (H), for any n € B(r,w)

i 2rf(w)

e = [ ns)ln(s)1Pds < 2riw) [ pte)e s < 2L (6.5)

We find that B(r,w) C L2(R*, H*(U)NH}(U)) is bounded, together with Lemma 6.1,we get B(7,w) is
compact in L7 (R*, H*(U) N Hy (U)). o

The main result for the random dynamical system & as follows:

Theorem 6.2. Suppose (H1) — (H2) hold, p < ‘/?T‘T, then for any 7 € R,w € (2, the random

dynamical system ® associated with (3.5) possesses an attracting set A(7,w) C E, and a random
attractor A(7,w) C A(7,w) N B(w).

Proof: For Vr € R, w € Qdenote B;i(r,w) be a closed ball in H*(U) x Hy(U), its radius
is r3(w). Suppose

A(7r,w) = Bi(1,w) X B(1,w), (6.6)

then, A(r,w) € D. Since H*(U) x Hy(U) — (H*(U) N Hy(U)) x L*(U), Bi(r,w) < (H*(U) N
Hg(U)) x L*(U). Additional, B(r,w) is compact in R, 2, so A(T,w) is compact in E. Now we show
that A(7,w) is an attracting set.
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For every B(T,w) € D,

lim dg(®(t, 7 —t,0_+w, B(T — t,0_w)), A(T,w)) = 0. (6.7)

t— oo

By Lemma 5.1, we have

PN (07 W, 90(7—7 w)) :90(0’ w, 50(7—7 w)) — YL (Ov W, oL (7—7 w)) € A(T7 w)' (68)

Thus, by Lemma 6.1, we have

Jnte(0,w,0(rw) =l < (0w pe(r)lE < M@ T <0 ()

For Vt > 0
du (O(t, 7 —t,0_1w, B(T — t,0_1w)), A(T,w)) < M{(w)e 2", (6.10)

Ultimately, from the relation between ® and ¥, we know that for any non-random bounded set B C
FE P-a.s.
dg(U(t, 7 —t,0_w, B(T —t,0_w)),A(T,w)) = 0, t = +0c0. P —a.s. (6.11)

Hence, by Lemma 4.1 and Theorem 2.3, the random dynamical system ® associated with (3.5)
possesses a random attractor A(7,w) C A(7,w) N B(w). O
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